Remarks on the 2nd order Seiberg-Witten maps 
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In this brief report, we discuss the Seiberg-Witten maps up to tlie second order in the noncommu- 
tative parameter 9. They add to the recently published solutions in Expressions for the vector, 
fermion and Higgs fields are given explicitly. 
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The main purpose of this brief report is to complete 
the second order Seiberg-Witten (SW) maps constructed 
in 0, 0|- We consider canonically deformed space-time. 
The commutator of coordinates is given by the constant 
antisymmetric matrix 0'*'^, 



* X 



where we have used the Weyl-Moyal star product 



i.f*9)ix) = exp 



2 dyt^ dx" 



fiy)g{x) 



(1) 
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A prescription for constructing arbitrary gauge theo- 
ries on a NC space-time was presented in [3|. Seiberg- 
Witten maps 0, 01 relate noncommutative (NC) gauge 
fields and ordinary fields in commutative theory via a 
power series expansion in 9. In simplest possible ap- 
proach to the construction of NC gauge field theories 
all field products are replaced by ^-products. This ap- 
proach, however, fails for general gauge theories. For 
example for SU(iV) gauge theories, the ^-commutator of 
two infinitesimal gauge transformations does not close in 
the SU(iV) Lie algebra. This is the reason one has to 
go to the enveloping algebra 0] of the Lie algebra of a 
given group. Higher-order SW terms are now expressed 
in terms of the zcroth-order (commutative) fields, and as 
a consequence we do have the same number of degrees of 
freedom as in the commutative case. 

The SW maps are not unique. The free parameters 
are chosen such that the non-commutative gauge fields 
are hermitian and the action is real. Still, there is some 
remaining freedom including the freedom of classical field 
redefinition and noncommutative gauge transformation. 

As already remarked in the second order solu- 
tion for the gauge field - and therefore also for the field 
strength - given in 0] are not correct. We will provide 
the corrected expressions. Most importantly, in this com- 
ment we want to add the second order expansion of the 
hybrid SW map for the Higgs field to the work [ij. This 
is necessary if one wants to consider the Noncommu- 
tative Standard Model (NCSM) [1, 0, Q including the 
Yukawa couplings. We have computed a special solution 
and not the most general one, because of the complex- 
ness. The hybrid SW map of the Higgs field was also 



not discussed in There, the author considers only 
6'-expanded Yang-Mills theory coupled to matter. Also, 
other NCSM issues were not addressed in 0]. Therefore, 
in this brief report we present the 2nd order SW 9 ex- 
pansion for gauge parameter, vector potential, fermion 
and Higgs fields, all ingredients necessary for complete 
construction of the NCSM at the 2nd order in 9. 

The SW map of the noncommutative gauge parameter 
A„ is a solution of the relation 



iSaAp - i5pKa + [Aq * Kp] = iKaxp ■ 



(3) 



This relation has to be solved order by order. Therefore, 
we expand the NC gauge parameter A^ in 9 and in terms 
of the commutative gauge parameter a, 



a + Ai[V]+Al [V]+Oi9''). 



(4) 



Noncommutative fields and gauge parameters are de- 
noted by a hat throughout the paper. To first order in 
9, the equivalence condition ([3]) reads 



*(<5„A^ - <5^A« ) + [«,A^] + [A^,/3]-zA: 



Q x/3 



(5) 



= --r''{5^«,a./3}. 



and to second order 



AA^ 



1 



-9'^''9-^[d^d^a,d,dxP] ~ [AlA$] 

o 

- {O^"" [{d^Ald.P] - {d.a, d^A^}) , (6) 

with a X j3 = — i[a,/?]. This is an inhomogeneous equa- 
tion. The homogeneous part to order k is given by 

AA^ :=z(5„Af-<5,A«^) + [a,Af] + K\/3]-zAf,, = 0. 

(7) 

The most general solution to 1st order, is given by 
1 



A" 



(8) 



where {A, B}^ = cA - B + [1 — c)B ■ A. The requirement 
of hermiticity fixes the free parameter c to c = 1/2. In 
this case, the general solution ^ becomes 



Al[V] = \9'^-{V,,d,a}. 



(9) 
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A special solution for the 2nd order equation reads: 

+ {V^, {V^^d.dxa}} + {{V^, 9,14}, dxa}} 
- {{F^.,V,},dxa}-2i[d^V,,d,dxa]y (10) 

with the field strength Fap = daVp — dpVa — «[Va, Vg]. 
The noncommutativc gauge field Vf_i transforms as 

6a% = a^A„ - i[% * A„] . (11) 

The enveloping algebra valued gauge potential is there- 
fore determined by the following consisteney relations in 
first and second order in 9 

A^v,' - d^Ai ~ i[v^,Ai] + \e^"'{d,y^,d,a], (12) 

+ lr-r^[5^5„K.,9,aA«], (13) 

where we have again used A^T/f — 5oiV^ ~ i[a,V^ \ 
and the 6'-expansion of the NC gauge field 

Mv] = + + v'^\v] + o{e^) . (m) 

The general solution in first order in 9 is 

ye ^ 1 r^i^^, + Id'^nVp, F„^}c . (15) 

Choosing a hermitian gauge parameter Aq,, we obtain 

V'^[V] = \9'^P{d^V, + F^,yp] (16) 

and 

+ 8{K., {F^^, F^ai + 8{K., {dpF^^, Vs}] 

+ 2i{V^, {9^14, V^Vs}} - 2{V^,{dpd^,V^,Vs}} 

- {V^, {F^^.Fps}} + Hdc^V^ddyVp, Vs}} 

+ 2{V^^, {V^Vp, V^Vs}} + 2{doy^, {Vf3, d^^Vs}} 

- 2{9^y„, {Fp^, Vs}} - 2{1414, {V^,, V^Vs}) 

- 4{y„y^, {y^, VpVs}} + 8{y„y^y^, y^jFj 

- Ai\d^d^V^, dsVp] - W^{dpV^)d^Vs 

- ^{d^,Vc.){.d^Vp)Vs +2iV^V^{dpVs)V^ 

- AiV^V^{d^,Vi3)V5 ~ 2iVo,{dpV^)V5V^, 

- 2iV^{d^Vp)VsV^ + AiVo,{d^V^)VpVs 

- 2iV^V^V^{dpV5) + 2iVMdpV^)ys 
+ 2iVMd^yp)ys - '2iV^,{do,V^)V5Vp 

+ 2z(a„y^)y5y/3y^ + af^^v^f^s ) . (i7) 



Concerning Eq. ([17]), the second order of the SW map, 
we disagree with ref. The solution given there, does 
not satisfy the gauge equivalence relation p^ . 

Next, to find the Seiberg-Witten map for fermion fields 
we have to use the SW map for the NC gauge parameter 
([5|) to (fTO|) , obtained as solution to the relation ^ via 9- 
expansion together with the noncommutative gauge 
transformation for the NC fermion fields ip 

Sail! = iAa ^ijj ■ (18) 

The 6'-expansion of the NC fermion fields reads 

i^[i},V]^i' + ij''[ij,V]+i}^'[^P,V] + Oi9^). (19) 

The above leads to the 1st order in 9 consistency relation, 

A„V' = - ^9^-'d^ad,ij, (20) 

where A„-0^'' = Satp^'' — iaip^'° . To 2nd order, we obtain 

A„^«' = iAf V + - i^^'-a^A^a,^ (21) 

The general solution to first order in 9 is given by 

^pf> = ir^'Ka^v + ^e^^a^KV- + d9'^-'F,,,. (22) 

The hermicity requirement c = 1/2, and choice d = 
— 1/8, leaves us with 

V'lv, y] = -l (^'^^ {y^ 1 [Vc^Vfj]) i' . (23) 

A solution to the second order in 9 consistency relation 
is given by 

i^''[i^,v] = ^9^''9-^(^-4i{d^v^)d,dx + 4v^v^d,dx 

- 4(a,y^)KaA + 4F«^KaA 

- W,{d^V^)dx + SV.F^^dx - SiVf^VMx 
+ ^iV^V.V^dx - 2{d^V^)dxV, + V^VxV^V, 
+ 2i{d^V^,)VxV, ~ 2iV,Vxd^V^ ~ 2V^V^V,Vx 

- t[[id^V^),V,],Vx]-4iV,F^^Vx)ip. (24) 

Finally we consider noncommutative Higgs field $, 
which is related to the commutative ones by the hybrid 
Seiberg-Witten (^-expansion) map 

= <i> + <P^[V,V'] + <i>'^''[V,V'] + 0{9^). (25) 

Equation (PS)) generalizes the SW maps of both gauge 
bosons and fermions. $ is a functional of a commutative 
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Higgs field $ and two gauge fields V, V. It transforms 
covariantly under the following gauge transformations: 



(26) 



where A and A' are the corresponding NC gauge pa- 
rameters. Hermitian conjugation yields $[<I>,V,y]^ = 
The noncommutativc covariant derivative 
for the NC Higgs field $ is given by 



$*!/;). (27) 

As explained in the precise representations of the 
gauge fields V and V' in the Yukawa couplings arc inher- 
ited from the fermions on the left (ip) and on the right 
side (ip) of the Higgs, respectively. The hybrid SW map 
for the Higgs field up to second order is of course only 
unique up to a solution of the homogeneous equation. 
The most general solution up to 1st order in 9 reads 



(28) 



+ {l-a){d^Vp)'^>+-{l~b)^{d^V^) 



Conventionally, we choose a 
first order in 9 



1 and obtain to the 



1 



ja/3 



2(^0$-^^)) 



(29) 



while for the 2nd order wc have found the following 
lengthy expression: 



— 9°'P9'i^ 
32 



= [<i>,V,V'] 



( - 49^$ - 2z$l/^)l//) + [Aidpds^ 
Vs{4dp^ + ii^V^) 

^{4dsVfi - 8dpV^ + 4z(y^y,' - 2y,'y^))] 

d^Vp{-'iids<i>-3Vs^) 

49^$ ( - id(}V^ + idsv;, + v[,v;, + y/i/^) 

(- 8*9^39^$ + 4(9^$)^;)!// 



+ 49^95* + ( - 4i95$ + 4$\^/) 

- Vs (V^/3$ + 4$V;^) -f 4z(9;3$)yj' 

- 2z(95l/^)$ - 4z(95$)V^^ 

+ $(4z95i/^ - 4y^y; + 8y;y^) 

+ 9«$ - 4^95^^ + WpV'g - ^V'gV'p) 
+ dM~2idsVL-W^VL)\\. 



(30) 



The above expression may be written in a more conve- 
nient way as 

8 

Mv^y^yu<^yL - y>y>.{d^'^)yi - y.yt.{d,<^)yL 
-2v^r^,^{dyyi) + y^r^<^{d,y;) -f ly^r^'^y'^yl 

-2iV^V^^VlVi - 2K(9Ay^)$K' 
-4il4(9,,$)9Ay,' + il4(9^$)9,F;; 

+14(9^$)^^;;^^; + v^49^3>)\/'F;; 

-2iV^{dxd^^)Vl + V^{dx^)VX + ^K$y;9AV;' 

+2v:,Md,yi)vl + iv^^vivx + (9.i^,,)v^a$k: 

~t{d.y^.){d.ml + i{d^y^.)'^dX 



-{d.V^)^ViVl + 2{d,V^)^VlVi 



(31) 



where [V] and $f [V] denote the second order ex- 
pansion for fermion fields ([24]), 



(32) 



in the latter case the gauge fields are supposed to act 
from the right, 

32 

X $(-4i(9«T4)9.9A + 4K\49.9A 
- 4(9„1/„)K9a + 4F,^K9a 
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^W.F^^Vx ] . (33) 



The solutions representing SW maps up to second or- 
der in for fermion fields and Higgs fields, in the case 
of V' = 0, are the same, i.e. the first order in 9 Eqs. 
([23|) and ([29|) becomes identical. The same holds for the 
second order Eqs. ^ and jSO]) or (|3T|l . 

Higher SW expansions of the NC gauge, fermion 
and Higgs fields up to second order in the noncommu- 
tative parameter 9, are important due to the further 
extension of previously published results. Specifically 
those are applications of the enveloping algebra based, 
6'-expanded, approach to higher gauge groups 0] and 
to particular NCSM gauge sector representations 
Proof that SW noncommutativc gauge theories are 
anomaly free and the properties of the gauge anomaly 
for general SW mapping as well as of the U(1)a anomaly 
in noncommutative SU(N) theories [l^l are certainly 
very important. This comment is important regarding 
further investigations of renormalizability properties 
of the ^-expanded NC field theories in general 11 1. 
Certainly, recent results 12, [l^, showing that gauge 
theories, in the 0-expanded enveloping algebra based 
approach, are one-loop renormalizable at first order in 9, 
are very encouraging. They give us hope that it would 
be possible to investigate higher-loop renormalizability 
up to the second order in the noncommutative parameter 
9. Clearly, one may expect that the renormalizability 
principle should certainly help to minimize, or even 
cancel most of ambiguities of SW maps discussed in 
P, Q and in this comment. Finally, it is necessary to 
comment that, due to the one-loop renormalizability 
[ill . [H, [l3| , the associated high energy particle physics 
phenomenology [1, 0, US] becomes more robust [l6| . 
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